CONNECTION COEFFICIENTS FOR BASIC HARISH-CHANDRA 

SERIES 

JASPER V. STOKMAN 

Abstract. Basic Harish-Chandra series are asymptotically free meromorphic 
O [ solutions of the system of basic hypergeometric difference equations associated 

1^ ' to root systems. The associated connection coefficients are explicitly com- 

, puted in terms of Jacobi theta functions. We interpret the connection coeffi- 

cients as the transition functions for asymptotically free meromorphic solutions 
of Cherednik's root system analogs of the quantum Knizhnik-Zamolodchikov 
equations. They thus give rise to explicit elliptic solutions of root system 
analogs of dynamical Yang-Baxter and reflection equations. Applications to 
quantum c-functions, basic hypergeometric functions, reflectionless difference 
operators and multivariable Baker-Akhiezer functions are discussed. 



1. Introduction 

The monodromy of the Heckman-Opdam system of hypergeometric differential 
equations associated to root systems is explicitly computed in |28j . The key step is 
the derivation of explicit expressions of the connection coefficients for the Harish- 
Chandra series solution of the system in terms of Gamma functions. We prove the 
basic hypergeometric analog of this result by determining explicit expressions of 
the connection coefficients for basic Harish-Chandra series in terms of Jacobi theta 
functions. 

The basic Harish-Chandra series is a self-dual, meromorphic solution of the sys- 
tem of basic hypergeometric difference equations associated to root systems, charac- 
terized by its plane wave asymptotics deep in a fixed Weyl chamber. The system of 
basic hypergeometric difference equations is the spectral problem of the commuting 
Ruijsenaars-Macdonald-Koornwinder-Cherednik difference operators, whose Lau- 
rent polynomial solutions are the celebrated symmetric Macdonald-Koornwinder 
polynomials. 

The difference Cherednik-Matsuo correspondence relates the spectral problem 
to Cherednik's quantum affinc Knizhnik-Zamolodchikov (KZ) equations associated 
to minimal principal series representations of the affine Hecke algebra, which are 
root system analogs of the Frenkel-Reshctikhin-Smirnov quantum KZ equations. 
Thus the connection coefficients are transition functions for asymptotically free 
meromorphic solutions of quantum KZ equations. This point of view leads to the 
interpretation of the connection matrices as elliptic solutions to root system analogs 
of dynamical Yang-Baxter equations. 
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In the remainder of the introduction we give a detailed description of the main 
results, including precise references to the literature. We start by fixing some basic 
notations in Subsection 11.11 We discuss the two relevant compatible systems of 
difference equations in Subsection 11.21 The basic Harish-Chandra series are dis- 
cussed in Subsection II .31 In Subsection II .41 we formulate the associated connection 
coefficients problem and give the explicit expressions of the connection coefficients. 
In Subsection 11.41 we also discuss the relation to modified dynamical Yang-Baxter 
equations. Applications to basic hypergeometric functions and c-functions, reflec- 
tionless basic Harish-Chandra series and multivariable Baker-Akhiezer functions 
are discussed in Subsections 11.51 11.61 and 11.71 respectively. 

1.1. Initial data. We start with the introduction of the initial data of the Che- 
rcdnik-Macdonald theory [41] on Macdonald-Koornwinder polynomials. The 
setup follows closely the conventions of the recent exposition [60], which provides 
a uniform framework for all the known cases of the theory. 

The initial datum is given by a triple (-D, k, q) with D the root system datum, 
k the associated free parameters, and < q = e T < 1 the deformation parameter. 
The root system datum D = (Rq, Aq, •, A, A) consists of 

(1) a finite, reduced crystallographic root system Rq in the Euclidean space 
[E, (•, •)), irreducible within the Euclidean subspace V spanned by Rq, 

(2) a basis A = («i, . . . , a n ) of the root system Rq, 

(3) • £ {u,t} ("u" standing for untwisted and "t" for twisted), 

(4) full lattices A,AC£ such that 

QCA, (A,Q V )CZ, 
gcX, (A,Q V )CZ, 

with Q and Q (respectively Q v and Q v ) the root lattice (respectively co- 
root lattice) of Rq and of the dual root system 



,_ I -"-0 - {« V : - |fp}aG-Ro ij 



if • = t 



respectively. 
We write 



if • = u, 
if • = t 



and a := n a a y for a E Rq. Then Rq = {5} ae fl . We write Rq and Rq for the 
positive and negative roots in Rq with respect to the basis Ao. 

We attach to the root system datum D an irreducible affine root system R{D). 
It is built from the reduced affine root system R' := {a^ := fi a rc + a}rez,aei?.o' 
where /i a rc + a stands for the affine linear function z i-> /i Q r + (a, z) on £, by 
adding the multiple 2a^ if (A,a v ) = 2Z. A basis of R{D) is obtained by adding 
to Ao the simple affine root ao '■— ^c—ip with tp the highest (respectively highest 
short) root of Rq relative to the basis Ao if • = u (respectively • = t). 

The free parameters k are represented by the function values n a (a 6 R(D)) of a 
W^-invariant function k : R(D) — > M, where W := Wo k A is the extended affine Weyl 
group. We call k a multiplicity function and set n 2a ( r '> := t„M 

if 2aM g R(D). 
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With this convention the values k q , k 2oi , K a w , K 2a a) (a € Ro) uniquely determine 
the multiplicity function k. 

Here are three important examples of root system data. The GL„ + i root system 
datum is D = (Rq, Aq, •, Z™ +1 , Z n+1 ), where Ro is the root system of type A n 
with its standard realization in E = R n+1 . Cherednik [15] developed his theory 
on Macdonald polynomials mainly for reduced semisimple root system data, in 
which case D — (Rq, A, •, P, P) with V = E and with the lattices taken to be 
the weight lattices P and P of Rq and Rq respectively. Here semisimple refers to 
the fact that V = E, reduced to the fact that R(D) = R' and similarly for the 
associated dual affine root system, see Subsection l2.2l The Koornwinder case of the 
Macdonald-Koornwinder theory [3TJ |46j [53] [48l [48] corresponds to the root system 
datum (i? , A , t, Q, Q) with i? of type A\ or of type B n (n > 2). 

To clarify the link with well known families of one variable basic hypergeometric 
functions it is often convenient to express formulas in terms of Askey- Wilson (AW) 
type parameters and their duals. They are defined as follows. For a fixed root 
a E Rq the associated AW parameters are 

(1.1) {aa,fo Q ,c Q ,d ct }:={^ +K2 ^- g K °- K2 ^ (7Q ^( 1 ) + ' ^ 2 Q < 1 ),- (?Qg ' ^ Q ( 1 )-S Q (l)} 
where q a :— q^ a . The dual AW parameters are 

(1.2) {a a , b a , C a , d a } = {(f °+ K ^> , =-%<D , g a g,«*»+« a «M , -q a q^-^W }. 

They only depend on the orbit Wo a of a 6 Rq. The four (dual) AW parameters 
associated to a root a € Rq comprise either one, two or four of the free parameters, 
reflecting the fact that the associated local rank one reduction of the Macdonald- 
Koornwinder theory relates to the theory of continuous g-ultraspherical polynomi- 
als, continuous g-Jacobi polynomials and Askey- Wilson polynomials respectively. 
The case at hand can be read off from the root system datum as follows. 

Continuous g-ultraspherical case: (A,a v ) = Z = (A,5 V ), then 

K 2a(!) = K 2a = K a (i) = K a . 

Continuous g-Jacobi case: either (A, a v ) = Z and (A, 5 V ) = 2Z, then 

K2a = Ka and K 2a (l) = K a (l) , 

or (A,a v ) = 2Z and (A,5 V ) = Z, then 

K a m = Ka and K 2a (l) = K 2a - 

Askey- Wilson case: (A,a v ) = 2Z = (A,5 V ). 

The Askey- Wilson case only occurs when D is the Koornwinder root system datum 
D = (Rn, A ,t,Q,Q) with i? of type A\ or of type B n (n > 2) and a e R a 
short root. For reduced semisimple root system datum, one is dealing with the 
continuous g-ultraspherical case for all roots a € Rq. Continuous g-Jacobi cases 
only occur in the untwisted theory • = u, see [60] . 
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1.2. Integrable difference equations. Consider the trigonometric function 

s _ (1 - ay^ (z) )(l - M^X 1 - c^*>)(l - d^q^) 
[Z) - (l-g 2 *W)(l-g2 g 2V( z )) 

(L3) -q (l_-a a g Q W)(l-6« g Q W) 



x 



(1 -fl(3a(*)) 



in z 6 Ec := C <8>k E 1 , where we canonically extend the (affine) roots to complex 
affine linear functions on Ec- The symmetric Macdonald-Koornwinder polynomi- 
als associated to the initial datum (D, k, q) are trigonometric Laurent polynomial 
eigenfunctions of the difference operator 

(Lf)(z):=q-^ A(w- 1 z)(f(z+W&-f(z)) + ( £ q-^)f(z) 

weWo/Wo,^ wew /w ,4, 

acting on meromorphic functions f(z) in z G Ec, where 

P ■■= g ( K « + K a<D)a V , 

Wo C GLc(-Ec) is the Weyl group of i?o and Wo,^ the stabilizer subgroup of ip. 

In fact, for the GL n+ i root system datum, the difference operator L is a quan- 
tum conserved integral of Ruijsenaars' |50j quantum relativistic integrable many 
body system. For reduced semisimple root system datum, L is the Macdonald [40] 
difference operator associated to a quasi-miniscule weight. For the Koornwinder 
root system datum, L is the Koornwinder's [37] multivariable analog of the Askey- 
Wilson [TJ second order difference operator. Higher order difference operators, mu- 
tually commuting and commuting with L, have been constructed using the theory 
of double affine Hecke algebras, see, e.g., [Ill [41] [60] . We recall their construction 
in Subsection 13.31 We call L and the associated higher order difference operators 
Ruijsenaars-Macdonald-Koornwindcr-Chcrcdnik (RMKC) difference operators. 

The associated spectral problem is a compatible system of basic hypergeometric 
difference equations. It is the natural generalization of the Heckman-Opdam [28] 
system of hypergeometric differential equations associated to root systems to the 
basic hypergeometric level. It has a natural upgrade to a bispectral problem, see 
Subsection 13.41 

The bispectral quantum KZ equations 

(1.4) C (r(v)irW) {z,S)f(z-v,Z-\) = f(z,Z), " e A, A e A 

associated to the initial datum (D, k, q) form an explicit compatible system of linear 
difference equations for meromorphic functions f(z,£) in (z,£) £ Ec X Ec taking 
values in a complex #lFo-dimensional vector space V. Here t{v) (respectively t(A)) 
stands for the element v £ A (respectively A £ A) viewed as element of W = Wo x A 
(respectively W :— Wo X A). The explicit expressions for C(t(i/),t(A))(' 2 ! are given 
in Theorem 13. II For the twisted theory • = t with A = A, the bispectral quantum 
KZ equations (|1.4|) have been defined and studied before in [43] [44] [59] . 
For fixed £ £ Ec, the restricted compatible system of difference equations 

(1.5) C {j{v) , rm (z,£)f{z-v) = f(z), eel 
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for V-valued meromorphic functions f(z) in z € Ec are Chcrcdnik's [9, 10 quantum 
affine KZ equations associated to the minimal principal series representation of 
the affine Hecke algebra with central character q^, see [HI 23] for details (here 
q€ is interpreted as element of the complex algebraic torus Hom(A,C*) by v h-> 
q( v >£)). For the GL„ + i root system datum, the quantum affine KZ equations (|1.5j) 
become Frenkel-Reshetikhin-Smirnov }23[ 154] type quantum KZ equations, which 
were derived in [23) as the consistency conditions satisfied by matrix coefficients 
of products of quantum affine algebra intertwiners. From the physics point of 
view, they form the consistency conditions of correlation functions for integrable 
two dimensional lattice models from statistal physics. See [HI [31] for detailed 
expositions. 

The Cherednik-Matsuo correspondence (42j [Tl] relates solutions of the affine KZ 
equations to solutions of the Heckman-Opdam system of hypergeometric differen- 
tial equations. Its difference analog [101 HH [SH [58] embeds the solution space of 
the quantum affine KZ equations (II. 5| into the solution space of a spectral problem 
of the RMKC operators. See Subsection 13.51 for the definition of the associated 
embedding \- The difference Cherednik-Matsuo correspondence was obtained in 
[TU1 Thm. 3.4(a)] for reduced semisimple root datum (untwisted case), see also [T2] , 
Subsequently Kato [331 Thm. 4.6] showed that \ maps solutions of the quantum 
affine KZ equations (11.51) to eigenfunctions of L by different methods. The surjec- 
tivity of x was claimed in [lOj Thm. 3.4(b)] and [TJ1 Thm. 4.3(b)]. It was proved 
for generic spectral parameter £ £ Ec in [58., Thm. 5.16(b)] using an extension of 
the methods from [TTJ [33] for the classical Cherednik-Matsuo correspondence. 

In Subsection 13 . 51 we show that the difference Cherednik-Matsuo correspondence 
gives rise to an embedding of the solution space of the bispectral quantum KZ 
equations to the solution space of a bispectral problem of the RMKC operators. 
This extends the results from [43j [44j [59] , which dealt with the twisted case. 

1.3. Basic Harish- Chandra series. Extending the results from [44] |43j [59] , we 
prove in Subsection 13.21 the existence of an asymptotically free, meromorphic so- 
lution <&kz of the bispectral quantum KZ equations (jl.4|) and establish its basic 
properties (self duality, description of singularities). Via the difference Cherednik- 
Matsuo correspondence it leads to the existence of asymptotically free meromorphic 
eigenfunctions of the RMKC operator L. More precisely, we will establish the fol- 
lowing result. 

Theorem 1.1. There exists a unique meromorphic function $(•, •) = $(•, •; D, k\ q) 
on Ec x Ec satisfying 

(1) the eigenvalue equations 

(1.6) £<&(•,£) = ( E i^'^M), 

wew /w ^ 

viewed as identity of meromorphic functions in (•,£) G Ec X Ec (the unspec- 
ified first entry is to emphasize that this is the space on which the RMKC 
operator L is acting), 

(2) the asymptotic expansion 

<H2KH4J aeQ + i= i 
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with 

(a) the plane wave W(z,£) = q(p~Z'P +w ° z '> f where wq € Wo is the longest 
Weyl group element and 



P - 2 

is a dual version of p, 

(b) the series \t(2,£) := X) q <eq+ ^a{£,)Q~ a ^ converging normally for (z,£) 
in compacta of Ec x Ec (hence it defines a holomorphic function in 
{z,OeE c xE c ), 

(c) the holomorphic functions <S(-) and S(-) on Ec, capturing the singu- 
larities of $(•,•), explicitly given by 

5(0:= II (^V^.flSfcaV 3 ^,^ 1 ^,^^- 810 ;^)^, 

w/iere 

m oo 
2=1 »=0 

(d) </ie normalization 

The function $(•,•) is the natural generalization to the present basic hyperge- 
ometric context of Harish-Chandra series, see [55] and [371 Part 1]. We therefore 
call $(■, •) the basic Harish-Chandra series associated to the initial datum (D, k, q). 
It is automatically an eigenfunction of the higher order RMKC operators, see Sub- 
section Specializing £ to a polynomial spectral point turns $(z,£) into the 
selfdual symmetric Macdonald-Koornwinder polynomial associated to (D, k, q) (the 
proof from J37J §4] and [5§1 §3.3] generalizes easily to the present setup, with the 
Macdonald-Koornwinder polynomials associated to (D,n,q) as defined in [3U]). 

Remark 1.2. If Rq is of rank one then explicit expressions of the basic Harish- 
Chandra series in terms of basic hypergeometric series are known, see [551 §5] . For 
i?o of rank two explicit basic hypergeometric expressions are known only for the 
GL3 root system datum, see [27J . Explicit expressions for the coefficients To,^) 
(a 6 Q + ) of the power series expansion of &(z,£) are only known in higher rank 
cases if D is the GL„ + i system datum, see [47] . 

The above characterization of the basic Harish-Chandra series is easy to estab- 
lish. Its existence was proved for • = t and A = A in [HI [131 1SS] • These methods 
are extended to the present context in Section [3] 

The particular choice of normalization of the basic Harish-Chandra series (see 
Theorem Il.lf 2d)) is to ensure the selfduality of the basic Harish-Chandra series 
(which does not have a classical analog). 
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Theorem 1.3. Let $(•, •) be the basic Harish- Chandra series associated to the dual 
initial datum (D,H,q), where D :— (Rq, Aq, • , A, A) with Aq := (Si, . . . , a n ) and 
with k the dual set of free parameters as defined in Subsection \2.3\ (its associated 
AW parameters are the dual AW parameters). Then 

The selfduality of i> implies that $ solves a bispectral problem, see Subsection 
We prove Theorem 11.11 and Theorem 1 1.31 in Subsection [ 



1.4. Connection coefficients and root system analogs of elliptic i?-matrices. 

The RMKC operators are Wq -equi variant, resulting in the Wo x Wo-invariance of 
the solution space of the associated bispectral problem. It leads to the following 
definition of connection matrices. 

Definition/Theorem 1.4. Let J- be the space of meromorphic A x K-translation 
invariant meromorphic functions f(z,£) in (z,£) £ Ec x Ec- For a £ Wq there 
exists a unique matrix 

M°(z,£)=« 1 ,r 2 (z,0) T1 ^ Wo 

with coefficients mZ. T2 in T such that 

Tie w 

as meromorphic functions in (z,£) £ Ec x Ec- We call M a the connection matrix 
associated to a £ Wq and M := {M c, } a £.w the connection cocycle. 

For fixed £ £ Ec the connection cocycle is Cherednik's monodromy cocycle [HI 
Cor. 5.3] (see also [T21 §4]) for the quantum affine KZ equations (|1.5[) . represented 
as matrix with respect to a suitable basis of asymptotically free solutions. We will 
first establish the theorem in the context of the bispectral quantum KZ equations. 
Applying the difference Cherednik-Matsuo correspondence then provides the cur- 
rent formulation in terms of basic Harish- Chandra series. See Subsections 13.51 and 
13.61 for the details. 

The cocycle property of the connection cocycle is 

(1.7) M°^(z,0 = M° 1 {z ) OM°*(ai 1 z,0, a 1 ,a 2 £W 

with M e the identity matrix, where e £ Wq is the neutral element. Note further- 
more that mZ uT2 (z,£) = rrf^^z,^ 1 ^)- 

The following theorem provides explicit expressions of the entries of the connec- 
tion matrices in terms of theta functions. Write 

m 

0(a:i, ...,x m ;q) := JJ (xj , q/xj ; q) ^ 
j=i 

for products of the normalized Jacobi theta function 8(x; q) in base q and define for 
a £ Rq the following two meromorphic functions in (x, y) £ C x C, 

^ V) -~ q e(q*y,d a q-*-ql) 
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and its dual version 

The meromorphic functions e a (x,y) and t a (x, y) only depend on Wq<x. Further- 
more, e a (x,y) and t a (x, y) are 2/z Q -translation invariant in both x and y, which 
follows from repeated application of the functional equation 

(1.8) 8(q r x;q) = (-q-ix)- r q-^9(x;q), r e Z. 

For i € {1, . . . , n} let Sj G Wo be the orthogonal reflection associated to the simple 
root «i. 

Theorem 1.5. Fix i £ {1, ...,n}. Let i* G {l,...,n} smc/j that a ^ = —w^cti. 
Then mp 1T2 = i/n £ {T 2 ,T2Si*} and 

aw n _ ggi (gj ( z ) ; (0) ~ (Q) Q» (jQ) 

m8i r? « _ e a ,(a. t (z),-oV(e)) 
e a4 -ai(z)) 

Note that it is not immediatedly clear that the right hand sides of (|1.9[) arc 
A x A-translation invariant since the e a (x, y) are only 2/x a -translation invariant in 
x and y. The A x A-translation invariance can be verified directly using quadratic 
transformation formulas, see [6 1 1 §7]. 

The proof of Theorcm ll.51 which follows from rank reduction [39] and the explicit 
formulas [61] for the connection coefficients in rank one, is discussed in Section |4] 

The expression for the nontrivial entries mp e and e of the connection matrix 

M Si simplifies for the continuous g-ultraspherical case (A, a^J = Z = (A, a^) by a 
direct application of the so called addition formula |63] for theta functions 

(1.10) 9(xX, x/X, [iv ; (j,/i>;q) — 6(xv, x/u, A/i, A//x; q) = —9(xfi, x/fi, Xv, X/v\q), 

X 

which plays a fundamental role in the theory [MJ Chpt. 11] of elliptic hypergeo- 
metric functions (see [S5J App. A] for a detailed discussion of (jl.lOj) ). 

Proposition 1.6. If (A, a/) = Z = (A, a/) then 

<e(z>0 = 1^ ( of S-.(£) -a (z) V 

9{q a ^^>,aiq a ^ z >\qi) 



(z £) = gTT (°»( 2 )-«i*(C)) p V a ^ ' g ' W 



where fii :— fj, ai , qi := q ai , m := K ai and aj := a ai . 

Such a simplification of is apparently not possible for the continuous q- 
Jacobi cases and the Askey- Wilson case. 

Recall that the connection coefficients are also the transition functions for the 
asymptotically free meromorphic solutions of the quantum KZ equations (jl.5p . 
Hence the explicit computation of the connection coefficients may be seen as a 
quantum analog of the explicit computation of the monodromy of the trigonometric 
KZ equations from [8] HU [49]. 
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The cocycle property ()1.7[) of the connection cocycle M(z,£) comprises root 
system analogs of dynamical Yang-Baxter type equations. We clarify this point of 
view for the important special example D = (Rq, Aq, t, Q, Q) with Rq of type B n 
(n > 3). Choose the ordering of the basis Ao in such a way that the braid relations 
of the associated simple reflections Sj are given by 

SiSi + iSi = Si+iSiSi+i, l<i<n-2, 

Sn—lSn,Sn—lSn = Sri^n— l^n^n — 1; 

SiS 3 = s 3 Si, \i - j\ > 1. 

The cocycle condition (| 1 . T[) of M(z, £) then yields 

M Si (z, i)M'^ ( Si z, 0M S * (s i+lSi z, = 
( ' } = M s ^(z,OM s *(s t+1 z,OM s ^( Sl s l+1 z,0 

for 1 < i < n — 2 and 

M 8 "- 1 (z, C)M S " (a n _iz, OM 8 ™" 1 (s„s„_!Z, £)M S - (s„_ lS „s„_iz, £) = 
1 ' 2 ' =M S " (z, OM 8 - 1 (s„z, C)M S " (s„_is„^, OAf 5 - 1 ( SnSn _ lS „z, g). 

It is natural to view the equations and (|1.12l) as modifications of the 

dynamical Yang-Baxter equation [23 HU [50] and the dynamical reflection equation 
4, 2, 3 ( 38 respectively, with z playing the role of spectral parameter and £ the role 
of dynamical parameter. This viewpoint can be understood from the interpretation 
of the connection coefficients as the transition functions for asymptotically free 
meromorphic solutions of the quantum KZ equations (|1.5j) . For example, for the 
GL„+i root system datum, the quantum KZ equations (|1.5j) coincide with Frcnkcl- 
Reshetikhin-Smirnov type quantum KZ equations. The corresponding transition 
functions are governed by the elliptic solution [301 132 of the star triangle equation 
associated to the integrable face model (see ([331 §6 & §7] and [HH IHJ 131)] ) 
which, in turn, is known [21] to be equivalent to Felder's [2TJ Prop. 1] elliptic 
solution of the dynamical Yang-Baxter equation. Note also the resemblance of the 
explicit expression [2TJ Prop. 1] of Felder's elliptic solution of the dynamical Yang- 
Baxter equation with the explicit expression of the connection matrix M Si (z, £) 
from Proposition ll.61 

Theorem 1 1 . 5 1 now also provides an explicit expression of the solution M Sn (z, £) of 
the associated modified dynamical reflection equation (|1.12j) . Note that it depends 
on four free parameters (the Askey- Wilson parameters associated to the short sim- 
ple root a n ). It is expected to provide elliptic dynamical if -matrices for the 
face models, hence giving rise to new families of integrable An^ 1 face type models 
with reflecting boundary conditions. Thus far, A^P face models with reflecting 
boundary conditions have only been constructed for the eight vertex solid-on-solid 
model [22] with respect to a diagonal solution of the dynamical reflection equation. 

1.5. Quantum c-functions and basic hypergeometric functions. The basic 
hypergeometric function £ sp h{z, £) is a distinguished Wq x Wo-invariant, meromor- 
phic solution of the bispectral problem of the RMKC operators in case that the root 
system datum is of the form D = (Rq, Ao, t, A, A) and n a > 0. It was constructed in 
[14] H6l [57] [59] as reproducing kernel of a difference Fourier transform. It admits an 
explicit series expansion in symmetric Macdonald-Koornwinder polynomials. Just 
as for the basic Harish-Chandra series, specializing £ to a polynomial spectral point 
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turns £ S ph(z,£) into the pertinent selfdual Macdonald-Koornwinder polynomial, 
see, e.g., [59| Thm. 2.20]. If Ro has rank one then £ sp h arises as quantum spherical 
function on noncompact quantum groups, see |35j . 

The basic hypergeometric function is the natural basic hypergeometric analog 
of the Heckman-Opdam [28] hypergeometric function associated to root systems, 
cf. [El Thm. 4.4] and [59]. The Heckman-Opdam hypergeometric function is 
defined in a completely different fashion, see [28] and [27] Part I]; the explicit com- 
putation of the monodromy representation of the system of hypergeometric dif- 
ferential equations is used to define the Heckman-Opdam hypergeometric function 
as the explicit expansion in Harish- Chandra series which is fixed under the mon- 
odromy representation. The explicit expansion is the c-function expansion of the 
Heckman-Opdam hypergeometric function; the coefficients are expressed in terms 
of the Harish-Chandra c-function [28l Def. 6.4]. 

In the current basic hypergeometric context, the analog of the c-function expan- 
sion of the basic hypergeometric function £ sp h(z,^) has been derived in j59j using 
the asymptotic analysis of the basic hypergeometric function from [16 . We now 
recall the explicit c-function expansion of £ sp h(z, £) from |59] and relate it to the 
explicit computation of the connection cocycle. 

From [59, Thm. 4.6] the c-function expansion of £ sp h( z ,£) is 

(1.13) £ sph (z,£)= c sph (z,wQ$(z,w£) 

with the quantum analog c sp h G J~ of the Harish-Chandra c-function defined as 
follows. 

The higher rank theta function is the holomorphic function 

AeA 

in z € E<c- Write 6% := ^J2 a eR~\ aV ' where Rq s C Rq is the subset of positive 
short roots in Ro. If Ro is simply laced then we set Rq s — R$ . 

Definition 1.7. The quantum c-function c sp h G T associated to the root system 
datum D — (Ro, Ao, t, A, A) is 

( C\ 1/tU t\-l ^A(p+(«2a ~ Ko)5 V s + Z + WoS) 



n 



(a a q a ^\b a q a ^,c a q a ^,d a q a ^-,q 2 a ) 



^ e{q^ql) 



If furthermore (A,a v ) = Z for all a € Ro, then 

0a(z)#a(£) ^ + 0{q a ^>;q a ) 



It follows from [59] Thm. 2.20 (iv) & Thm. 4.6] that for generic multiplicity 
functions k satisfying n a > for all a G R(D), the basic hypergeometric function 
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S sp h satisfies 

(a a q a ^\b a q a ^ , Cctfto) , d a <fW ; q 2 a ) 



£ sph (z,p) = _ K uv_^ n 



^A((«2a - K0 )^ v -P) A * (9 2a( " ) ;^) oc 

If one renormalizes £ sp h such that £ sp h(z,p) — 1, which is the convention used in 
[59] . then it becomes selfdual, see [59j Thm. 2.20 (iii)]. In Remark 15.11 we will 
precisely match the present notations to the ones used in [59] . 

For arbitrary initial data (D, n,q), if c G J- then the meromorphic function 

(1.14) S(z,0 := 

wGW 

in (z,£) G Eq x Ec is Wo-i nvar ia<nt in z if and only c£ J satisfies 

(1.15) c(z, = m" e \ e (z, £)c(siZ, £,) + m 8 ^ e (z, s i .^)c(s i z, Si*£) 

for all i G {1, . . . , n} in view of Theorem 11.51 In Section [5] we give a direct proof 
that Csph indeed satisfies (|1.15|) if D = (Rq, Ao,t, A, A). It leads to the following 
higher rank analog of the addition formula (jl.lOj) for Jacobi theta functions. 

Proposition 1.8. Suppose D = (Rq, Ao,t, A, A) and let i G {l,...,n} smc/i t/iai 
(A, aV) = Z. T/ien 

fl(g 5 «'«) )g 2 »*- t «W;g i )l? A (p + Z + ^) = 

(1.16) =9(q 2K % g3*.(fl-a,M. 5 .^ A ( p + SjZ + 

_ g 5 4 , (flg^-S,. (?) _ 9 -a 4 (*). % )^ A ( Sip + z + Wq £) . 

The definition of the basic hypergeometric function as reproducing kernel of a 
difference Fourier transform is restricted to the twisted equal lattice case, D = 
(Ro, Ao, t, A, A). With the explicit expressions of the connection coefficients now 
available, it is natural to try to extend the method employed in the construction of 
the Heckman-Opdam hypergeometric function and define the appropriate analog 
of the basic hypergeometric function for all root system data D as the expansion 
(|1.14[) for a distinguished solution c £ J of the equations (|1.15[) . This is a subtle 
matter, since the equations (|1.14j) do not determine c G J- uniquely, cf. Subsection 
11.61 We do not pursue this issue in the present paper, although we will make some 
initial steps in the analysis of the equations (|1.15p in Section [5] 

1.6. Reflectionless basic Harish-Chandra series. In, e.g., [STJ [T7] , reflec- 
tionless analytic difference operators are studied. These are difference analogs 
of one-dimensional Schrodinger operators admitting a meromorphic eigenfunction 
</>(•, p) in (-,p) G C 2 with eigenvalue e p + e~ p and having plane wave asymptotics 

4>{x,p) ~ e^^, M(x)^oo, 

cf>(x, p) ~ a(p)e V=Ixp + /3(p)e-^ =lxp , K(x) -> -oo 

with (3 = 0. This has the following analog for RMKC operators. 
Write £(i>) := min((j/, a^)) n _ 1 for v G A. Then for generic £ G Ec, 

5(0 
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as t(y) — > oo, uniformly for z in compacta of Ec, in view of Theorem 11.11 It 
describes the plane wave asymptotics of $(z,£) as common eigcnfunction of the 
RMKC operators for the real part ^R(z) of z deep in the negative fundamental Weyl 
chamber E- := {v G E \ a{v) < Vae By Theorem [I~4"l $(z,£) has plane 

wave asymptotics for 3?(z) deep in an arbitrary Weyl chamber t(E-) (t 6 Wo). In 
particular, for the Weyl chambers neighboring £L , 

$(z - stu, ~ m« Q ^ e-^P+^.^u) 

as — > oo for generic z, £ G £?c (i = 1, ■ • • , n) by Theorem II .51 Thus we come to 
the following analog of reflectionless in the context of RMKC operators. 

Definition 1.9. We say that the RMKC operators are reflectionless if m 8 ^ = 
for i = 1, . . . , n. In this case the associated basic Harish- Chandra series <3? is said 
to be reflectionless. 

By Theorem 1 1.51 the RMKC operators are reflectionless if and only if 

(1.17) t a (x,y) =7 a (y,x) 

as meromorphic functions in (x,y) G C x C for all a G Rq. The following result 
now follows by straightforward computations using the functional equation (|1.8[) 
for the normalized Jacobi theta function 0(x;q) (cf. [H3 Prop. 3.1] for a weaker 
statement). 

Proposition 1.10. Suppose that the multiplicity function k satisfies 

^ K a ± k q(D j K 2a ± k 2q< 1 ) j K a ± K 2a, K Q (D ± k 2q( 1 ) € /i Q Z, 

Ka + «2a + K a (D + K 2a (l) G 2^t Q Z 

/or all a € Rq. Then the RMKC operators are reflectionless, and m 8i t e = 1 /or 
i = 1, . . . , n. 

If the multiplicity function n satisfies (|1.18p . then so does the dual multiplicity 
function k (see Lemma l!Q]) . Note the following special cases: 

Continuous g-ultraspherical case: (A, a v ) = Z = (A, <5 V ). Then (|1.18|) reduces 
to the single condition 

* a G ^Z. 

Continuous o-Jacobi case: (A,a v ) = Z and (A,5 V ) = 2Z, then (fTTT8|) reduces 
to 



or (A,a v ) = 2Z and (A,a v ) = Z, then (ITTTg|) reduces to 

K a! K 2a G -^-Zj K Q + K2 Q G 

Theorem 11.41 and Proposition 11.101 give the following result 
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Corollary 1.11. If the multiplicity function k satisfies (|1.18|) . then the reflection- 
less basic Harish- Chandra series $ satisfies 

(1.19) $(wz, wqwwoQ = ®(z,£) VweWo. 

The analysis of quantum c-functions simplifies in the present context of reflec- 
tionless RMKC operators, since the conditions (|1 . 15|) for i = 1, . . . , n for c£ J are 
equivalent to the invariance property 

if k satisfies (jl.l8p . Consequently, under the assumption (I1.18[) on the multiplicity 
function k, 

(1.20) *+(*>£) ■= J2 

wew 

is a Wo x Wo -invariant meromorphic function of the bispectral problem of the 
reflectionless RMKC operators. Note that in the twisted equal lattice case D = 
(Ro, Ao, t, A, A) with k satisfying the reflectionless conditions (II . 18[) . $+ does not 
coincide with the basic hypergeometric function £ sp h. 

1.7. Multivariable Baker- Akhiezer functions. In [HIE], multivariable Baker- 
Akhiczer functions associated to RMKC operators are defined under suitable re- 
strictions on the multiplicity function k for reduced semisimple root data D = 
(Ro, A, •, P, P) and for the Koornwinder root system datum. The conditions [7j 
§2.1.3] on the multiplicity function k for the multivariable Baker- Akhiezer function 
to be defined then read 

(BAl) if a £ Rq with (A,a v ) = Z = (A, S v ) (continuous q-ultrasphcrical case) 
then K a G i y-Z<o, 

(BA2) if a e R with (A, a v ) = 2Z = (A, 5 V ) (Askey- Wilson case) then 

Ka ± K2a, K a ± K Q (l) g /J Q Z<o, 

K a (l) ± K 2Q (l) , K2a ± k 2q<!) G Ma^<Cb 

K Q + K2a + K Q (i) + k 2q< 1 ) 2/i a Z 

(the continuous g-Jacobi cases (A, a v ) = Z and (A, a v ) = 2Z, respectively (A, a v ) = 
2Z and (A, 5 V ) = Z, do not occur for reduced semisimple and Koornwinder root 
data). 

Remark 1.12. (i) For the reduced semisimple root data D the free parameters m a 
in [2l §2.1.1] corresponds to —2K a //j, a . For the Koornwinder root system datum D 
the free parameters TOj (1 < i < 5) in [71 §2.1.2] are related to k by 

1 

mi = -K a - K 2a , m% = — - - K a (i) - K 2a (i), 

1 

m-3 = + «2a, m 4 = - - - K Q (i) + K 2q (i) , 

m.5 = —2np 

where a € i?o (resp. (3 g i?o) is a short (resp. long) root and the root system 
Ro is normalized such that long roots have squared length two. Here the fifth free 
parameter 777,5 (resp. up) should only be taken into account if the rank n of Ro is 
> 2. 

(ii) The results of the previous subsection apply if D is a reduced semisimple or a 
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Koornwinder root system datum and the multiplicity function k satisfies (BA1) and 
(BA2), since conditions (BA1) and (BA2) imply the reflectionless conditions () 1 . 18[) . 
In particular, the RMKC operators are reflectionless and the basic Harish-Chandra 
series <£> satisfies the invariance property (jl.f 91) . 

The following result traces back to 39, §4.4]. We discuss its proof at the end of 
Subsection 13.61 

Proposition 1.13. Let (D, k, q) be an initial datum with a reduced semisimple or a 
Koornwinder root system datum D and with multiplicity function n satisfying ( BA 1 ) 
and (BA2). Letip(X,x) be the multivariable Baker- Akhiezer function associated to 
(D,n,q) (see §3.1], in particular the definition below [7J (3.8)]), where we use 
the parameter correspondence as indicated in Remark ] 1.12H ) . Then 

$0,£) = cstip(-w £,z) 

as meromorphic functions in (z,£) G Etc x Ec for some constant est G C*. 

Remark 1.14. (i) The constant est can easily be explicitly computed by comparing 
the normalizations of $ and ip, cf. Subsection 13.61 

(ii) Proposition ll . 13l allows to rederive various fundamental properties of the multi- 
variable Baker- Akhiezer function as direct consequences of the analogous properties 
of the basic Harish-Chandra series. For instance, the selfduality Thm. 3.3(iii)] 
of the multivariable Baker- Akhiezer function if; becomes a special case of the selfd- 
uality of the basic Harish-Chandra series $ fTheorem ll.3|) . while the Wo-invariance 
pj Lem 3.4(i)] of ip is a special case of the Wo-invariance of the reflectionless basic 
Harish-Chandra series (Corollary [TTTTJ) . 

Proposition ll .13l opens the way to study the results [6j[7] on multivariable Baker- 
Akhiezer functions on the level of (reflectionless) basic Harish-Chandra series. In 
particular, one can now study the extra symmetries [7J (3.4)-(3.6)] and the ter- 
minating series expansion property [Jj (3.3)] of the multivariable Baker-Akhiczcr 
function ip on the level of (reflectionless) basic Harish-Chandra series. For instance, 
the terminating series expansion of tp becomes the following surprising property of 
the expansion coefficients r a (£) (|3.10p of the basic Harish-Chandra series. 

Corollary 1.15. Let (D,n,q) be an initial datum with D a reduced semisimple 
root system datum and k a multiplicity function satisfying (BA1). Then 

f Q (£) = o 

as meromorphic function in £ £ Ec unless a G Q + is of the form a 
with < lp < ~4:Kp//jp for all f3 6 Rq . 

2. Notations 

We continue the introduction of basic notations as started in Subsection ll.il We 
refer to [60] for further details. 

2.1. The affine root system. For fixed root system datum D = (Rq, Aq, •, A, A) 
with ambient Euclidean space E let E be the linear space of real affine linear 
functions on E. Then E ~ Rc © E, where a = nc + v with n £ K and v G E is 
interpreted as the affine linear function v' h- > rj + (v,v f ). 
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Let V be the real span of the roots. We view the linear space V of real afhne linear 
functions on V as the subspace of E which are constant on the orthocomplement 
V 1 - of V in E. 

The extended affine Weyl group W = Wo x A acts on E and on its complex- 
ification Ec with the canonical action of Wo and with A acting by translations 
t(v)z := z + v {y £ A). It induces a linear W-action on E. Note that 

r(i/)aW = a (r-KS v )) 

for a £ i?o, v e A and r e Z, hence R' and R are W-invariant. 

For an afhne root e R' C V let s a (r) e Wbe the orthogonal reflection in the 
affine hyperplane ker(a;( r )). Then s a (r) = r(-ra)s Q , with s a e Wo the orthogonal 
reflection in the hyperplane a 1 - . We write Sj := s ai e W (0 < « < n) for the simple 
reflections. They generate the affine Weyl subgroup W* := Wo x <3 of W . Note 
that so = r(ip)s^. 

Let and be the positive and negative affine roots of R* with respect 

to the basis A := (a , a\, . . . , a n ) of R' . The length of w e W is defined by 

l(w) := #(R'- + Hw^R''-), weW. 

We have W ~ ft x W with Q = ft(D) the subgroup 

f2 := G W | /(«;)= 0}. 

For ^ e A let w(^) e W be the element of minimal length in t{v)Wq and write 
v{v) := u{v)~ 1 t{v) e W . Then 

with A+ ira the set of dominant minimal weights in A, 

AL:={^A|(,,5 v )e{0,l} Vaeitf}. 
The set of dominant weights in A is 

A+ :={^e A | (^,5 V ) >0 Vaei?+}. 

2.2. The dual affine root system. The root system datum D = (Rq, Ao, •, A, A) 
dual to D gives rise to a dual reduced affine root system 

R' = {5 (r) = ^ 5 rc + a} a eR ,rei 

and its extension R := R(D). The associated extended affine Weyl group is W := 
Wo x A. The additional simple affine root of R is denoted by ao- Write Sj := for 
i € {0, . . . , n}. Note that s, = Sj for 1 < i < n while s = r(6)se with 6* e i?^ the 
highest short root, since a = /J,gC — 8. We write O := fl(D) so that W — ft x W* 
with W* = Wo x Q the affine Weyl group associated to R. 

For A G A we write «(A) € W for the shortest element in r(A)Wo and v(X) := 
u(X)~ 1 t(\) e Wo. The set of dominant weights in A is 

A+ := {A G A | (A, a v ) > Va£ R+} 
and the set of dominant mimiscule weights in A is 

A+ m :={AeA| (A, a v )e{0,I} VaeJJ+}. 

As in the previous subsection, we have ft = {u(X)} AeA + • 
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2.3. Multiplicity functions. Let Ai(D) be the space of ^-invariant functions 
k : R(D) — > M. Its value at a € R is denoted by K a - Recall the convention 
K 2a( r > := k q('-) if 2a^ r - ) £ R (i.e. if (A,a v ) = Z). The involution D t— > D on root 
system data extends to multiplicity functions as follows (see [21)1 160] ). 

Lemma 2.1. There exists a unique linear isomorphism Ai(D) — > A4(D), k *-}k, 
satisfying k = K and satisfying 

/or all a £ Rq. 

Recall from Subsection 11.11 that we associated to the initial datum (D,n,q) 
Askey- Wilson (AW) parameters a a — a a (D 7 n,q), . . . ,d a = al a (D, n, q) for all a e 
Ro, as well as dual AW parameters (|1.2j) . Then for all a £ Ro, 

a a = a 5 (D,K,q), ...,d a = ds{D,K,q) 

since /15 = /i a . 

3. The difference integrable equations and asymptotic analysis 

Basic Harish-Chandra series are meromorphic common eigenfunctions of the 
RMKC operators, characterized by suitably asymptotically free behaviour deep in 
an appropriate Weyl chamber. Basic Harish-Chandra series have been considered 
in various different contexts [TDl LTHl EH EH1 LSI S31 ESI LH] ■ InfTU] their existence 
was predicted based on the correspondence with solutions of quantum KZ equa- 
tions. In [19l [34] the basic Harish-Chandra series were considered for Ro of type 
A n -i using vertex operators. In [39 basic Harish-Chandra series were constructed 
as formal power series using classical methods from harmonic analysis. In the se- 
ries of papers [44, 43, 59j Cherednik's prediction was worked out in detail for the 
twisted case • = t and with A = A by relating the basic Harish-Chandra series to 
asymptotically free solutions of (bispectral extensions) of quantum KZ equations 
through the difference Cherednik-Matsuo correspondence [101 [12l O [58] . In [47] 
a direct approach is undertaken to derive the fundamental properties of the basic 
Harish-Chandra series when Rq is of type A n . In this section we shortly discuss the 
extension of the methods from 44, 43, 59 to the present context, which includes 
the untwisted theory and has extra freedom in the choice of lattices. We only give 
the proof if it needs new arguments compared to the twisted case • = t with A = A. 
So throughout this section (D,n,q) stands for an arbitrary choice of initial datum 
unless explicitly specified otherwise. 

3.1. Bispectral quantum KZ equations. Define for a £ R* the meromorphic 
function c a (-) = c a (-; D, k, q) on E c by 

(1 — g K »+ K 2"+ a ( Z ))(l -|- qKa-K.2a+a(z)^ 

C "( Z ) := 1 _ q 2a{z) • 

We write Cj(-; k, q) = c ai (•; D, k, q) and Cj(-; k, q) = cs t (•; D, k, q) for i G {0, . . . , n}. 

Let A4 be the field of meromorphic function on Ec x Ec- The contragredi- 
ent actions of W and W on Ec give rise to an action of W x W on A4 by field 
automorphisms. Note that T = M t ^ xt( - a K 
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Let M. Cg>c Endc(V) ~ End^(A^ £§>c V) be the space of Endc(V)-valued mero- 
morphic functions on Ec x Ec, where V := Q) aeWg Cv a . Let x '■ Ro — > {0, 1} be 
the characteristic function of Rq in Rq. 

Theorem 3.1. There exists unique C( W)TO /) € End.vi(.M <X>c V) ((w,w) efx W) 
satisfying the cocycle conditions 

(3.1) C (vw ^s){z,C) = C\ Vt v ) {z 1 t)C {W:iS) {v~ 1 z 1 v~ 1 £), y(v,v), (w,w) € WxW 
and C( e e )(z, £) = Idy, and satisfying for all a € Wq, 

C ^ Z ^ = ^co(z;- K , q) + [ o^z^q) ) ^ 

( 3 - 2 ) Cs , z ^ = V + { c i (z;- K ,q)-q-W-°- 1 "^ \ ^ 

{Si ' e) ' ° q K *Ci(z;-K,q) y a(z;-K,q) J 

for 1 < i < n and v € A^ in and 



g K °co(C;-K,g) \ c (^;-/«,g) 
(3.3) _ "«i , -«.?)- g- 2x( -°" i,: 



g K «Ci(C;-K,9) V Ci(£;-K,g) 

C ( e,K(A))(^,0^ = ^ ( "° A ' CT " Z) ^(A) 
/or 1 < i < n and A G Aj~ 



in in 



Proof. The proof in [HJ|331[S5] in the twisted equal lattice case D = (R , A , t, A, A) 
uses the affine intertwiners and the duality antiisomorphism of the double affinc 
Hecke algebra. This proof easily extends to the present setup (for the double affinc 
Hecke algebra in the present context, see [60]). □ 



By Theorem EU 

(3.4) (V( W , to)/) (z, £) := C {w ^) (z, Ofi^z, ST^) 

defines a complex linear left action V = V(D, k, q) of W x W on .M ®cV. Following 
[441 1431 159] , we arrive now at the definition of the bispectral quantum Khnizhnik- 
Zamolodchikov (KZ) equations. 

Definition 3.2. We say that f € M. <8>c V is a meromorphic solution of the bis- 
pectral quantum KZ equations if 

(3.5) V(r(i/),r(A))/=/ W G A, V A e A. 

We write So\kz = So\kz(D, k, q) for the vector space over T of meromorphic V- 
valued functions f G M. <8>c V satisfying the bispectral quantum KZ equations (|3. 51) . 



Note that 

(V(T(i/),T(A))/)(ar,0 = C( TM , T(A) )(«,0/(«-^€-A), i/ G A, A G A, 

hence the bispectral quantum KZ equations form a compatible system of linear 
difference equations (an integrable difference connection). The solution space SoIrz 
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of the bispectral quantum KZ equations is a Wo x Wo-invariant complex linear 
subspace of M. ®c V with respect to the action V|woxW of Wo x Wo on M. <x>c V. 
Note that the coefficients C t („). t (a)( z j £) ar e in fact rational functions in 

{q z ,qt) G T := Horn (A x A,C), 

where we interpret q z G Hom(A, C*) and ^ G Hom(A,C*) as A ^ q^'^ (A G A) 
and v i— > g'^f) (^ ^ A) respectively. Hence the bispectral quantum KZ equations, 
restricted to meromorphic V-valued functions on T, form a compatible system of 
g-diffcrence equations (an integrable g-connection). It is in this form that quantum 
KZ type equations usually appear, see, e.g., [23] HI 033 E31 H31 S3] and references 
therein. 

Remark 3.3 (Duality symmetry) . Let j : A4 <Eic V — > Ai (g>c V be the complex linear 
map defined by 

J (/(-,-K) :=/(•, -K-i 
for / G M and a G VF , where /(z,£) := Set V = V{D,n,q). Then 

j o V(w, w) = V(u>, w) o j V (u>, u>) G W x VF. 

In particular, j restricts to a complex linear isomorphism 

So\kz(D, n,q) So\Kz(D,K,q). 

3.2. Asymptotically free solutions. For the GL n+ i root system datum, asymp- 
totically free solutions of quantum KZ equations have been constructed using corre- 
lation functions for quantum affine algebras in [23], see also [18] §10]. In the present 
context we establish the existence of asymptotically free solutions using classical 
asymptotic methods going back to Birkhoff [5] (see [331 Appendix] for a detailed 
discussion of this approach that fits the present context). 

Repeating the arguments of [44] [43] [59] one obtains the following asymptotically 
free solution of the bispectral quantum KZ equations. For e > set 

B e :={(z,0&E c xE c | \q- a ^\,\q- 5 '^\<e Vi € {1, . . . , n}}. 

Theorem 3.4. There exists a unique &kz{-,-) — &kz{-, ■', D, K,q) G A4 ®cV such 
that 

(1) ®kz G So\ KZ , 

(2) for some e > 0, 

<5>Kz{z,d)=W{z,(i) T( a ^q- a{z) - m 

for (z,£) G B e , with the V-valued sum J2( a ,p)eQ+xQ+ T (q^) i ?~ q(z) ~^ ) 
(Tt a ,p) G V) converging normally on compacta o/(z,£) G B e , 

(3) T( 10 ) = v wa . 

Proof. Compared to the proofs in [44] Thm. 5.3] and [43] Thm. 5.4] an extra 
argument is needed to take care of the extra flexibility in the choice of lattices A 
and A. 

Since Q C A and Q C A there exist sublattices 

n n 

Af:=0Zn7 4 CA, M:=0Zw t CA 

i=l i=l 
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with Wi and zb% satisfying (yji,aq) G 6ijZ>o and (zui,ctj) G 6ijZ>o for i,j G 
{1, . . . , n}. The arguments in (44] Thm. 5.3] and j43j Thm. 5.4] now lead to the 
proof of the existence and uniqueness of a meromorphic V-valued function <f>Kz('i ') 
satisfying (2), (3) and satisfying the compatible system 

(3.6) V(r(A), t{v))$ kz = <§>kz V (A, v) G M x M 

of diference equations. Fix (A',i/) G A x A and set 3>^ z : ~ V(t(A'), t(i/))$xz- 
By the integrability of the bispectral quantum KZ equations it follows that & KZ 
satisfies (13.61) . Since & KZ also satisfies properties (2) and (3) we conclude that 
®'kz = ®kz- Hence <f> KZ G Sol Kz . □ 

It is now possible to establish various properties of $>kz (duality, singularities) 
by a detailed analysis of the bispectral quantum KZ equations. It leads to the 
following result. 

Proposition 3.5. (i) §kz * s selfdual, 

®Kz{z,£;D,K,q) = $ KZ (£,z;D,K,q). 

(ii) The V-valued meromorphic function 

has a V-valued series expansion 

(q,0)6Q+xQ+ 

normally convergent for (z,£) in compacta of Ec x Ec- In particular, VP kz(z,£) is 
holomorphic in (z,£) G Ec X Ec a^rf ^(00) = ^(0,0) = v w Q - 

(iii) Define for a G Q + the V-valued holomorphic function T^ z (£) in £ G £c &y 
so that * KZ (z, = J2atQ+ ^a Z (0l~ a{z) ■ Then 

(iv) TTie bispectral quantum KZ equations are consistent, 

dim^(Sol K z) = dimc(V) = #W . 
Furthermore, {V(e, o-)$kz}<tgw * s a T -basis o/SoIkz- 

Proof. The proofs for (i), (ii) and (iv) as given in [HI [SJ [55] f° r * ne twisted case 
• = t with A = A generalize easily to the present context (for (i) use Remark |3.3[) . 
(iii) Similarly as in [44j [43] for the twisted equal lattice case, the asymptotics as 
q-cti(z) _ ». for i = 1, ...,n shows that Tff z (t;) = S(£)K(£)v Wo for a unique scalar 
valued meromorphic function K (£) in £ G Ec having a convergent power series 
expansion 

K(0= E k 0<l~ m > fc o = l 
if |(7~ Qi ^)| is sufficiently small for all i € {!,..• , n}. 
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In the twisted equal lattice case [44] [43] [59], was explicitly determined 

using the difference Cherednik-Matsuo correspondence, which puts the problem 
in the context of the bispectral problem of the (higher order) RMKC operators. 
We give here a new proof, which stays completely in the realm of the bispectral 
quantum KZ equations. 

We characterize K(£) as a formal power series in q~ ai ^\ . . . , q -Q ™(£) with con- 
stant coefficient 1 and solving an explicit system of difference equations in £. To 
derive the difference equations, consider for A € A + the mcromorphic function 

R x {z, := q(p+^,A) (C (e;T(A)) (z, £K ) L , 

where v\ Vwo for d£V means picking the v Wo -component in the expansion of v as 
linear combination of the basis elements v a (a € Wq) of V. Then 

Rx(z,0 = E ^ a(2 Vi Q) (0 

(finite sum) with r^"' <E C[[<7~ Ql , . . . , q~ Q "]], which follows from the extension of [43] 
Lem. 5.3] to the present setup. As limit of the bispectral quantum KZ equations 
for $xz(^,0 it follows that K(^) satisfies the difference equations 

which characterize K(£) as formal power series in the q~ ai (& with constant coeffi- 
cient 1. 

Choosing a reduced expression of r(A) G W and using the cocycle condition (13. 1[) 
allows one to give an explicit expression of C/ eiT (\^ (z, £), from which it follows that 

a£R'- + r)T(\)R'-- 

for A e A + . Consequently 

= ^)" 1 II (^- as(e) ;(fi) 00 . 

□ 

3.3. Ruijsenaars-Macdonald-Koornwinder-Cherednik operators. We follow 
Cherednik's [13] construction of higher order Ruijsenaars-Macdonald-Koornwinder- 
Cherednik (RMKC) operators, see also [JT] [50]. For the precise definition of the 
affine Hecke algebra in the present context, we refer to [50] §2.4]. 

Let w be the contragredient action of w G W on meromorphic functions on Ec, 

(wf)(z) -fiw^z). 

For i G {0, . . . , n} the Demazure-Lusztig type difference reflection operators 

(3.7) Tj :=<f* +<T K *c l (-;>t,q)(S i -id) 

define a representation of the affine Hecke algebra H(W';q K ) on the space of 
meromorphic functions on Ec, where q K stands for the Hecke parameters q Ki 



CONNECTION COEFFICIENTS FOR BASIC HARISH-CHANDRA SERIES 



21 



(i = 0, . . . ,n). The corresponding Hecke relation is 

(Ti-Wifi + q-*) = 0. 

Recall that W ~ f2 k W* with fief the subgroup consisting of extended afhnc 
Weyl group elements of length zero. Then Q3.7P and the operators u {u G Q) provide 
a representation of the extended affine Hecke algebra H(W; q K ) ~ ft x if (W"; q K ), 
cf. [601 §2-4]. 

Fix v G A + and suppose that r(z/) = ■ ■ • Si r u G W is a reduced expression 
(0 < ij- < n, tt G O). The associated operator 

Y v := f n ■ ■ ■ f ir u 

is well defined and invertible. For arbitrary weight v G A the Bernstein-Zelevinsky 
operator is defined as 

yv ._ Y^fY^y 1 , 

where the vi G A + are such that v = v\ — i>2- The operators Y" (y G A) are well 
defined and mutually commute. 

Fix v G A + . There exists unique difference operators L v a [a G Wo) such that 

£ ?"'= x: 

Definition/Theorem 3.6 TTie difference operators 

L u := 51 Li/ > CT > ^ e A+ 

are i/ie higher order RMKC operators associated to the initial datum (D, n, q). They 
are Wo-equivariant and mutually commute. 

The difference operators L v can be made entirely explicit for miniscule dominant 
weights v G A^ in and for the quasi-miniscule dominant weight v = tp, see, e.g., 
[13l SU [60] . We give here only the explicit formula for v = if), 

(L 4 ~f)(z) = q-^ C T ^ ) (w- 1 z;K,q)(f(z + w^)-f(z)) 

wew /w 0t4 , 

+ ( £ T (p ' W) ) /(z) ' 

w£Wo/W ,i, 

where for w G W , 

c w (z;K,q) := JJ c a (z;n,q). 

ae_R•■+nlo- 1 i^•■- 

Recall the explicit difference operator L from Subsection II. 21 
Lemma 3.7. = L. 

Proof, ft suffices to show that c T ^(z; K,q) = A(z), with A(z) the trigonometric 
function (|1.3[) . This follows from the fact that 

R'' + n r{-ip)R'- = {ip, U {a G itf | 5 V ) = f }. 

□ 



22 



JASPER V. STOKMAN 



3.4. The bispectral problem for RMKC operators. We denote the higher 
order RMKC operators with respect to the dual initial datum (D, k, q) by L\ (A G 
A + ). Note that the RMKC operator L := Lq is explicitly given by 

L = q-W) £ A(w- 1 z)(f(z + w9)-f(z)) + ( ]T <T M )/(*), 

wGW /W ,e w£Wo/W ,6 



with 



-r, , _ (1 -a e ? e ^)(l - M ?(z) )(l - c*g»M)(l - 



x 



n 



(1 -q 20 (z))(l -q 2 e q 28 ^) 
(l-a a q s ^)(l-b a q s ^) 



(1 - q 2 ^)) 



(here we use that a a = as(Z?, K, q), . . . , d a — da(D, k, q)). 
Definition 3.8. The system 

£a/0v)=( E 4 iwX ' z) )f(zr), AeA+ 

weWo/Wo.x 

of difference equations for f G AA is called the bispectral problem of the RMKC 
operators. We write SoIrmkc f or the vector space over J- consisting of f G A4 
satisfying (13. 8p . 

Since the (higher order) RMKC operators are Wo-equivariant, SoIbmkc C M 
is Wo x Wo-invariant with respect to the contragredient action of Wo x Wo on A4. 

3.5. The difference Cherednik-Matsuo correspondence. Recall that A4(g>cV 
is a left W x W -module with respect to the V-action (|3.4j) . Let \ '■ M. ®c V — > M 
be the .M-linear Wo x Wo-equivariant map 

where k w := E a &R+nw-^R^ K « for w G W . 

Theorem 3.9. T/ie map x restricts to an injective, J- -linear, Wo x Wo-equivariant 
map 

X ■ So\ KZ Sol^A/^c- 

Proof. The proofs in [44j [43] , extending the results of Cherednik [10] to the bispec- 
tral setting, generalize easily to the present setting. In particular, the injectivity is 
proved by showing that the meromorphic functions x(V(e, w)<&kz) [w G Wo) are 
J-"-linear independent. □ 

3.6. Basic Harish-Chandra series. 

Definition 3.10. The basic Harish-Chandra series <&(•,•) = $(v> D, K, q) is de- 
fined by 

$ := x($kz) G Sol RMKC . 
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We are now in the position to prove all the fundamental properties of the basic 
Harish- Chandra series as stated in Section [TJ 

Proof of Theorem 11.11 The results on the asymptotically free solution $kz 
of the bispectral quantum KZ equations from Subsection 13.21 show that the basic 
Harish-Chandra series $ satisfies all the properties as stated in Theorem 1 with 
r a (0 = x(^a Z (0) i a e Q + )- In particular, the eigenvalue equation (|1.6[) for 
$ follows from the fact that <5 solves the bispectral problem (|3.8[) of the RMKC 
operators since L — Lr. It thus suffices to prove the uniqueness claim. 

This follows from the results in (T2J §3] (untwisted case) and [331 §2] on the ana- 
log of the Harish-Chandra homomorphism and from the subsequent formal analysis 
of the basic Harish-Chandra series in [39J §4]. These results show that the eigen- 
value equations (|1.6p for $ is equivalent to a system of recurrence relations for the 
expansion coefficients r Q (£) (a € Q + ) of the form 



; e 

w<£W /W ,4, weWo/W .,p /3eQ + \{0): 

a -peQ+ 



for suitable holomorphic functions d a ,p{^) in £ G Ec- Hence the eigenvalue equa- 
tions (jl.6l) determine the expansion coefficients r Q (a G Q + \{0}) uniquely in terms 

ofr . □ 

Proof of Theorem 11.31 The selfduality of the basic Harish-Chandra series $ fol- 
lows immediately from the selfduality of §>kz (see Proposition l3.5( i)). □ 
Proof of Theorem 11.41 By Proposition I3.5( iv) there exists unique m% T2 € T 
(<r, ti, r 2 € Wo) such that 

V(a,T 2 )$KZ= m Tt,r 2 {V(e>n)®Kz) 
Tie Wo 

for all a,T2 € Wo- Applying the injective, Wo x Wo-equivariant Cherednik map \ 
shows that 

(3-9) $( ( 7- 1 z,r- 1 0= <ur,MH^H) 

rieWa 

as meromorphic functions in (z, £) € J3c x -^c- By the injectivity of xlsoijf Z it follows 
that the equations (|3.9I) determine the m% To 6 J- uniquely. □ 
Proof of Proposition [T7l3l Theorem 11.11 implies that 

(3.10) $(z,Q = q-(» +w °^ Y T<*(Z)<r M 

for generic £ G Ec if 3i(z) is sufficiently deep in the negative fundamental Weyl 
chamber EL , with leading coefficient 

Such (formal) power series solutions of the spectral problem of the RMKC operators 
are unique up to normalization (see (391 Thm. 4.4]). These two observations are 
valid without any restrictions on the initial datum (£>, k, q). Under the assumptions 
on {D, k, q) as stated in the proposition, comparison with the series expansion of 
the multivariable Baker- Akhiezer function ip{— Wo£, •) from [7J Rem. 3.6] shows that 
&(z, £) = cst(£)^(— wq£, z). A straightforward computation proves that the leading 
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coefficient To(£) of the power series expansion p,10[) of $(•,£) coincides with the 
leading coefficient A'(£) = A'(— wo£) of ip(—wo£, •) up to a nonzero multiplicative 
constant (see jTj §2.1.4] for the definition of A'(£)). This shows that cst(£) is inde- 
pendent of £. □ 

Remark 3.11. In the proof of Proposition 11.131 we could have used the selfduality 
of $ (Theorem 11.30 and i\> ([JJ Thm. 3.3(iii)]) to immediately conclude that cst(£) 
is independent of £. The current proof has the advantage that the selfduality of the 
normalized multivariable Baker- Akhiczer function ip becomes a consequence of the 
selfduality of $. 



4. The connection cocycle 



In this section we prove the explicit expressions for the connection coefficients 
as stated in Theorem 11.51 using rank reduction. The strategy is as follows. 

Fix i e {1, . . . , n}. Let i* e {1, . . . , n} be the corresponding index such that 
— Wooti = cti*. Let Si € A be a weight such that (Si,a^) — and (<5j,SY) > 
if j 7^ i (one can take for instance Si = £dj with Wj € A as in the proof of 

Theorem E3). 

Recall the holomorphic function 

*(*,o= E r «(0<r aW 

from Theorem ll.il such that 

(4.i) $(2,0= W{z ~ ) 

5(2)5(0 

Define the holomorphic function Si(x) in x G C by 

Si{x) := (q^q-^qfb^q-^q^q-^q^q-^qf)^ 
and the holomorphic function in € C x Ec by 

oo 

*i(i,0 : =]Tr rai (0<r ra; . 

r=0 

Then 

lim 5(z-m<Ji) = 5;(a; i (z)), 

m— >-oo 

lim *(2:-m?i,0 =*i(a;(z),0> 

m— ^00 

uniformly on compacta. We define now the meromorphic function <&i(x, in 
(au,0 € C x by 

5,(^)5(0 

with the one variable plane wave 

5 ir(«i+«2 C « i -x)(rei+re 

:= g • 

cf. [6TJ (2.1)]. We will prove that $^(-,0 is the asymptotically free solution of the 
Askey- Wilson [TJ second order difference operator, with associated AW parameters 
given by (a*, bi,Ci,di). This allows us to compute the connection coefficients using 
results from the classical theory [23] on basic hypergeometric series. 
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4.1. Vanishing connection coefficients. We first show that most of the connec- 
tion coefficients are zero. 

Proposition 4.1. Let t±,t^ G Wq. Then to** T2 = if ti $ {r2,T2Si*} . 

Proof. Fix a ^ {e,Sj*}. Since to^ 1jT2 (z,£) = m a _ 1 (z,^ 1 ^) it suffices to show 

that m* l e = 0. 

Rewriting the identity 

using (|4.ip gives 

( 4,, „„,(, . fe|Q E f« t ,v-c.. 



In (14. 2j) we replace z by z — to(5^ and multiply the resulting identity by 

qmiwoS.^-cr- 1 ^) S(z - mSj) 

S(siZ — mSi) 

It gives 

S{z-m8 i ) qm ( W0 8U-°-H)y (s . z _ m s u0 = 
S(siZ — mSi) 

(4 ' 3) = J®- v <:e(^)^(^- 1 gm( ^,-^.- 1 ^ (z „ m4r - 1$) 

since m** e is A x A-translation invariant and 

W(^-TO^T^0 = ^{.r-'f-o W^T-'a 

Set 

£+:=Ue£ c I »(«i(0) >0 Vz} 
and fix generic (z, £) G -Be x C-B^. Taking the limit to — > oo in (I4.3[) then gives 

(4.4) £ 'i/ ; ' ^^(a 4 (z),r- 1 C) = 0. 

Let Wi G A such that (-5^,5^) G JjjZx). Replace z by z- to/S^ in (|4.4I) and 
multiply both sides of the identity by g-m(p+«>a<r- 1 £,S i ) _ T^en 

toI' Jz, £)W(z, t" 1 ^) , , _i, ~ > , 

E ~, ZT, -q m[wa{T «>^* i (a i (^)-m(S i) a i ) ) r- 1 = 0. 

T£{*,<T Si .} ^) 

Taking the limit to — » oo we get 

mpJz,OW(z,a- 1 OT (a- 1 



0. 



Hence mp e (z, £) = for generic (z, £) G Ec x cri?c ■ Since TO^ e is A x A-translation 
invariant, we get mp e = 0. □ 
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4.2. Rank reduction. The aim is to compute &i(x, £) explicitly in terms of basic 
hypergeometric series. The following proposition is fundamental. 

Proposition 4.2. (i) We have 

as meromorphic functions in (z,£) <E 2?c x Eg. 
(ii) We have the eigenvalue equations 

(4.5) Mi* 1 (-,0 = (9 St * K) +9" 5 " (0 -2i-ar 1 )*i(-,0 

as meromorphic functions in (•,£) G C x i?c, wii/i A^i tfie Askey-Wilson [1J second 
order difference operator 

(Mig)(x) :=Ai(x)(g(x - 2^) - g(x)) + Ai(-x)(g(x + 2^) - g(x)), 

_ (1 - ai g- a )(l - 6jg^)(l - Cjq-*){\ - <hq-*) 

l[x> ' oEi(l - g- te )(i - 

Proof, (i) By Proposition ^. 11 

The result now follows by multiplying both sides of this identity by 

Wi(-ai(z),5«.(Q) 

replacing z by z — mSi and taking the limit m — > oo, using that the connection 
coefficients are A x A-translation invariant and that 

Wfoz.Q _ W t (-a t (z),5 t .(Q) Wfaz.fl _ WiU(4Ma 

W(z,0 ^4^(^,5^(0) ' W(«,««.0 WMz),-^))' 
(ii) Define a second difference operator A/i by 

(Afig)(x) := Bi(x)g(x - (m) + B l {-x)g(y + m), 

_ (l-aiq-^l-biq-) 
ilJ '" g«i(l- 9 "2x) 

From (the proof of) jSHJ Prop. 3.13] we obtain the following result. 

Case a. If a. L Woip then (Q, 5^) = Z and 

(4.6) M*<(-,£) = (g 5i * (0/2 + <T 5i * (0/2 )$i(-,0 
as meromorphic functions in (•,£) € C X i?c- 

Case b. If a t € W# and (Q, 5V) = Z then 

(4.7) (M + 5 ** («)/ 2 + g^ 5 '* «)/ 2 + est,) {Mi - a 5 ** ( « )/2 - q~«" = 
as meromorphic functions in C x Ec, where 

with the sum running over the a € Wo/Wo^ satisfying (ct^,5^) = — 1. 
Case c. If «i e Wo^ and (Q, SV) = 2Z then 

= (« s «*« ) +?- 5 «- K) -5i- 0^)^0,0 
as meromorphic functions in (•,£) G C x £"c. 



CONNECTION COEFFICIENTS FOR BASIC HARISH-CHANDRA SERIES 



27 



It thus suffices to show that in case a (resp. case b), (|4.6|) (resp. (|4.7p ) implies 

(USD. 

In both cases a and b we have k (i) = K Qi , n 2a w ~ K2c "> smce \M®i) = Z, 
hence Cj = fta^, = for the corresponding AW parameters. Consequently 

Mt-q^'^-q- 5 *'^ +a i + ar 1 = 

= (Aft + q 5 " («/ 2 + q^' <«/ 2 ) (Mi - q Si ' ( « )/2 - q^' ( « )/2 ) , 

see [52 §4]. This shows that (I4.5[) is correct for case a. 
Case b. Fix generic £ S £e and write 

A := (M + g 5 .*«)/2 + g -3,.(0/2 + cst,)(M - g s **(0/ 2 - 9 - 5 -*(«)), 

so that £j(I>j(-,£) = 0. By [611 §5] there exists a unique meromorphic function 17(0;) 
in x £ C satisfying 

(4-8) fl (a;) = c , 2^.9rg (50 = r (£)) 

with the series converging normally on compacta of x € C, such that 

M 5 =(^(«)/ 2 +q- S -(«)/ 2 ) 5 . 

Then g also satisfies = 0, and, together with the asymptotic properties (|4.8j) 
of g, this eigenvalue equation characterizes g. Hence g = $$(•,£). We conclude 
that satisfies (14.61) . As for case a, this implies that 3'i(-,£) also satisfies the 

desired eigenvalue equation (|4.5p . □ 



Remark 4.3. The factorization of the Askey- Wilson difference operator appearing 
in the above proof relates to quadratic transformation formulas for the associated 
eigenfunctions, see [61] §5]. In fact, the quadratic transformation formula [6TJ 5.1] 
guarantees the existence of the function g. 

4.3. Explicit expressions. For generic bj the r +i4>r basic hypergeometric series 
is defined by 



r+Wr 



ai ,a 2 ,...,a r+1 \ ^ (fli.aa.-.flr+ijg)^ . 



bi,b 2 ,...,b r J ^ (q, ft r ;q) 



where (ai, . . . , a s ; g)^ = H* =1 O?=o C 1 ~ f° r j € z >o U {00} (empty products 
are equal to one by convention). The very- well-poised 8^7 series is defined by 

/ \ , ( a ,qa§ ,-qa§ ,ai, . . . ,a$ \ 

8 W7{a ;ai, ct2, a 3 , a4,,a 5 -,q,z) = S (P7 \ 1 _i 19, ^ 

\a§,-a 2 ,qa /a 1} . . . 7 qa /a 5 ) 



^0 1_ao ^o(Ww 



If z — ct^q 2 1 ' a.\a.2,tt-&OL±a.f ) (which is the case below) then it has a meromorphic 

continuation to (ao, . ■ ■ , as) € (C*) 6 by [24J, III. 36], for which we will use the same 
notation. 

The results from the previous subsection characterize $,(•,£) as asymptotically 
free eigenfunction of the AW second order difference operator Ai;. In [STJ Prop. 
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2.2] an explicit expression of this eigenfunction has been obtained (it essentially 
traces back to [29 ). In our present notations, the result is as follows. 

Proposition 4.4. We have 

r (0 



x 8 W 7 ( q l q -*-^* (?) ; iq-^ CO , t (0 , b iq -^ CO , ^ 9 " 5 .* CO , f , dtf" 

as meromorphic functions in (x, £) £ C x .Ec- 

We are now in a position to determine the connection coefficients explicitly. 
Proof of Theorem ll.5l Define meromorphic functions n± (x, £) in (x, £) € C x Ec 

by 

su C s e ai (a:, Of. (£)) -tat (%*(£), x) 
n+(x,£) — 



t ai (oti*(Q,-x) 

t ai (x,-Oi*(0) 



ea 4 («i*(0> _:c ) 

It follows from [511 Cor. 2.6] that 

(4.9) (-a;, = <* (x, 0*< + «- (1. 0*< 0> s i* 

as meromorphic functions in (x,£) € C x Ec. Note furthermore that the n±(-,£) 
are 2/i,-translation invariant. 

For meromorphic functions / and g on C define the Wronskian [/, g] to be the 
meromorphic function 

[f,9](x) ■= Wi(x)A i (x)(f(x - 2fii)g{x) - f(x)g(x - 2^)), 
with Wi(x) the weight function [T] of the Askey- Wilson polynomials, 



Wi(x) := t — 

{a i q x ,a i q- x ,biq x ,b i q- x ,c l q x ,c i q- x ,diq x ,d i q- x ; qf) ^ 

Since u^(x + 2^i)Ai{x + 2/i^) = iUj(x)Ai(— x) and 

(A^/)(x). 9 (x) - /(x)(X l5 )(x) = Ai(x)(/(x - 2 Mi )5(x) - f(x)g(x-2 fH )) 

+ Ai(-x)(f(x + 2fj,i)g(x) - f(x)g(x + 2m)) 

it follows that [/, <?](•) is 2/ii-translation invariant if / and g are eigenfunctions of 
.Mi with the same eigenvalue. Using the asymptotic expansion of $i(-,C) we thus 
get 

[$,:(•, 0, $iO,Si*£)](x) = lim [$,(-,0,*i(-,*i*0](»- 2 »«Mi) 

= (g- 5 - (« - g 5 >* CO) W ^ 5 r (0) r o(€) r o(^)% 2x ; gf) _ 

S(t,)S(si*£,)e(a i q x ,b i q x ,c l q x ,d i q x - 1 q^) 
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Write $j (x,Q '■= 3>i(— From (|4.9|l we now conclude that 

[^-(-.O^O^-OK*) 



[*<(-,0.*<(-.*'0K*) ' 
[^-(•,0>^(-,0]W 



n Sl fa: £1 = - 

[$,(., 0,*<(-,*i.O] (*) 

as meromorphic functions in (x, £) € C x Be. On the other hand, since m** T2 ( - ,£) 

is A-translation invariant and ai(5j) = we have by Proposition I4.2H L 

[*7(-,0,*i(-,*-0](tti(*)) 



[*i(-,0,*<(-,*i*0](tti(«)) : 

[$r(-,o,$ 4 (-,e)]KW) 



as meromorphic functions in (z,£) £ Be x Be- Hence 

as meromorphic functions in (z, £) G Be x Be , which completes the proof of the theo- 
rem. □ 

5. Higher rank addition formula for theta functions 

Recall from Subsection 11.51 that the basic hypergeometric function £ sp h is a 
distinguished Weyl group invariant solution £ sp h £ ^°^rmkc °f tne bispectral 
problem of the RMKC operators in case the root system datum is of the form 
D = (Ro, Aq, t, A, A) and n a > for all a £ R. It has an explicit c-function 
expansion (see (|1.13[1 ) with quantum c-function c sp h as defined in Definition 11.71 
In particular, the quantum c sp h satisfies (|1.15l) . In this section we investigate the 
equations (|1.15[) directly. 

Remark 5.1. The notations in [59\ are matched to the present ones as follows: 
i,7,fc a ,7o in correpond to q z ,q~^ , q Ka , q~ p (where q z is viewed as element of 
the complex algebraic torus Hom(A, C*) by A H> g( A ' 2 )), and the basic Harish- 
Chandra series 7) in [59l 4.6] matches with our renormalized Harish-Chandra 
series 



v ^ q 

w£W 



$ K (p- Z )<d(p-t) 

Let (D, k, q) be an arbitrary choice of initial datum. Let EE £ M and write 



( n = TT g (°°g 5(f) ! b ^ S{ ° ! H "g 5(C) ! ; g°) 

Using q 2 ( A ^ = LJ ct e,R+ fl a A ' Q ' an d the functional equation (|1.8j) . we have € J 
if and only if 

S(z + M ,0 = ^-^)s(z,0 V M eA, 

H(z,e + A) = «^-™ *)a(« > V A e A 

(use for the theta function factors of ch corresponding to a £ Rq with (A, a v ) = Z 
the fact that c a = q a a a and d a = q a b a ). 
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Remark 5.2. In the twisted equal lattice case D = (Rq, A,t,A,A) we have c sp h — 
c~ sph with 

/, 2l „ , , = ^A(P + (ft2a - Kp)(5 6 V + Z + WqC) 

^ A ((«2 Q0 -K0M s V +^A((«2 Q0 -K 2e )5y-0' 

The quasi-invariance properties (|5.ip for E SJ ,h can be directly checked using the 
functional equations 

tf A {z + \) =q- i ^ i q-^d A {z) VAeA 
and noting that p + (K26 — Ko)8g = p. 

Lemma 5.3. Let i £ {1, . . . , n} such that (A, a^) = Z = (A, 3^) . Suppose 3 € 
satisfies (|5.f [) ■ TTien Ch G J 7 satisfies (| 1 . 1 5[) . i.e. 

(5.3) Ch0,0 = TO e!e( z :0 c H(Si^,6 + ^s^* ,e (>: s i* £ ) C~ (s*Z, S;. £) , 

z/ and on/y if 

0( o ^(?) ;O 2 Kl - Q ,( Z ). 9i)s(z ^ ) = ^ g 2 K%g5l ,(O- Q ,( Z ). 9i)s(siZ;C) 

' "• 4j - (0(9(^-5- «) , ,-«,(»). 9 .) H ( ai «, 

Proof. This follows from a straightforward computation using the expressions of 
the connection coefficients mp e and mf *, e from Proposition 11.61 and using that 

(ai,bi,Ci,di) = {q 2K \-l,qiq 2K -\-qi). 

□ 

Lemma 15.31 leads to the root system analog (Proposition II. 8p of the addition 
formula (jl.lOp for Jacobi theta functions. 
Proofs of Proposition 11.81 

1. It suffices to show that the equation (|1.15|) for 3 sp /j implies that (I1.16[) is valid 
with p replaced by p + (n2a — Ko)^s • This follows immediately from the explicit 
expression (|5.2p of H sp /i and the Wo-invariance of i?a if (A, a v ) = Z for all a £ Rq. 
If the condition (A, a v ) = Z is not valid for all a £ Rq, then (A, a v ) = 2Z for short 
roots a £ Rq (see [59]). Hence a, has to be a long root, consequently Si(S^) = 5g. 
The result now follows again by the explicit expression (|5.2p of E sp h and the Wo- 
invariance of #A ■ 

2. This second proof is by direct analytical methods. Fix generic £ £ Ec and write 
<?f (2) for the right hand side of (I1.16p . It is a holomorphic function in z £ Ec which 
vanishes if 

otAz) = 2ni + pik H m (k, m £ Z). 

T 

Hence 

f ( \ ff^( z ) 

is holomorphic in z £ Ec- Let A v be the dual lattice of A in E with respect to the 
scalar product (•,•)■ By a direct computation it follows that /j satisfies 

ft(z + v) = ft(z), v^e^^A v , 

T 



f e (z + A) = 9 -l A l 2 a-( A ^+ z+tu ««)/ c (z), VAeA. 
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This implies that fe(z) — cst^i?A(p + z + woC) f° r some constant cstf . Setting z = 
shows that cst ? = 8 (q 5i * . □ 

Remark 5.4. To see how the addition formula (|1.10[) for the Jacobi theta function 
can be recovered from (JTTTBJ) , take D — (R , A, t, Q, Q) with the root system i? of 
type B n [n > 2) realized within the Euclidean space E = M™ with orthonormal basis 
{e,}™ =1 as {±6i ± £ 3 }i<i<j< n U {±ej™ =1 . We take A = (ei - e 2 , . . . , e„_i - e n , e n ) 
as ordered basis of i?o- Since Q = (B" = i^ e ii the Jacobi triple product identity 
implies that 

n 

d Q (z) = (q; q )ll[6(- q i+^ ]q ), 

where Zj :— ej(z). Then (|1.16|) for 1 < i < n is easily seen to reduce to (|1.10p . 

The following lemma gives yet another reformulation of (|1.15[) . 

Lemma 5.5. Suppose that S € Ai satisfying (|5.ip . T7ie?i ch £ J satisfies (|5 . 3[) i/ 
and cm/?/ i/ 

^(d ig s i*(S),d ig - a *( z ) ;g?) ^a^^g^g 2 ) 



e ai (-Q-i(z),-ai.(g)) 
ea^-ai* (£),-aj(z)) 

^g^^g^g 2 ) 6{d iq ^'^\ d t q a ^; qf) 

— — = -Z.(SiZ,Si*t) = aiSiZ.t) 

9(^q-^ (0+«iW; g?) e(^'(0+^) ]q f) 

Proof. By ,61, Cor. 2.8], 

e a , (ai(z), 5j» (Q) - e ai (-aj(z), -on* (Qjmg. , e (z, 
me:e(Z ' U_ e ai (-a i («),S i .(e)) 
(this identity boils down to the Wo-i nvar iance of the Askey- Wilson function, which 
is the basic hypergeometric function associated to D = (Rq, Ao, t, Q, Q) with R 
of type A\). Combined with the explicit expression of the connection coefficient 
TO s*« e ( see Theorem 1 1.5[) . we conclude that (|5 .3[) is equivalent to 

e ai (-aj(«),Q!i.(C)) 
c ai (ai(2),5i*(0) ^ , c s e a4 (-Oj(z),-Si.(^)) 



e Qi (-Q!i».(^),-Q;i(2)) V " ' eoi(-at(^))ai*(6) 
Straightforward simplifications now complete the proof of the lemma. □ 

Corollary 5.6. IfEeAi satisfies (|5.1[) and 

^ = fl(| g5 ,,(0W^g-M Z ) ; g2) 

' (9(^? 3 «*«)-^W,d*«««W;g?) " ' 

(5-5) 

n(z,Si*t) = — =; — 

fl(ilg5 4 .«)-a 4 W jdig -aE 4 .(€). 9 2) 



t/ien ch € J- satisfies ()5.3 
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For D — (Rq, Aq, t, A, A) and i £ {1, . . . , n} such that (A, a/) = Z, the solution 
3 S p/i (see (|5.2p ) of ()5.3|) does not satisfy (|5.5|) : in that case, one has to resort to the 
root system analog (|1.16p of the addition formula for the Jacobi theta function for 
a direct proof of (|5.3I) . On the other hand, for the Koornwinder root system datum 
(see Remark 1 5. 4p . it can be directly checked that E sp h satisfies (|5.5[) for i = n (here 
we use the conventions from Remark 15. 4| i.e. a n £ Aq is the short simple root), 
thus providing a direct proof that H sp /i satisfies (|5.3|) for i = n. 
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